In the present article Williamson nano fluid flow over a continuously moving surface is discussed when the surface is heated due to the presence of hot fluid under it. Governing equations have been developed and simplified using the suitable transformations. Mathematical analysis of various physical parameters is presented and the percentage heat transfer enhancement is discussed due to variation of these parameters. We employed Optimal homotopy analysis method to obtain the solution. It is presented that initial guess optimization will provide us one more degree of freedom to obtain the convergent and better solutions.
NOMENCLATURE

INTRODUCTION
Nano fluid is the combination of simple fluid and nano sized particles uniformly suspended in the fluid. These nano sized particles can be metallic (Cu, Al, Hg, Ti, etc.) or nonmetallic (ZnO, Al20 3 , TiO2 and several other metallic oxides). Nano particles have advantage over micro size particles due to negligible effects of gravitational settling and cluster formation during flow. Fluids are widely used in heat transfer phenomenon due to their strong convection properties. Nano fluids got the attention of researchers and industrialists due to their better performance in heat transfer phenomenon. Several researchers (Bang and Chang 2005; Suganthi and Rajan 2012; Kuznetsov 2011) have discussed the Nano fluid flow for various physical phenomenon by considering water as base fluid. But suspension of solid particles in water up to large percentage of its volume will change it from the Newtonian to non-Newtonian fluid. Also we know that several non-Newtonian fluids have better heat transfer properties as compared with water for e.g. liquid metals. So it's important to discuss the flow of nonNewtonian nano fluids due to their wide range use in industrial and chemical processes. Choi (1995) was the first one to use the term nano fluid due to nano sized particle suspension in fluid. He discussed that nano particles (due to their small size) are much better as compared to micro sized particles and their incorporation can reduce the cooling cost several times. Masuda et al. (1993) discussed the thermal conductivity enhancement due to addition of ultrafine particles in fluid. Buongiorno (2006) discussed the already presented mathematical models for nano fluid flow. He analyzed the possible effect of seven slip mechanisms on heat transfer enhancement and concluded that only Brownian motion and theromophoresis are the important slip mechanisms. He modeled the governing equations for the nano fluid flow. Nield and Kuzentsov (2009) discussed the thermal instability in a porous medium layer saturated by a nano fluid using the Buongiorno model. In another paper (2011), they discussed the double diffusive convection in a nano fluid flow. Nadeem and Lee (2012) obtained the analytical solutions for the boundary layer flow of a nano fluid over an exponentially moving surface. Khan and Pop (2010) , numerically investigated the boundary layer flow of nano fluid past a stretching sheet. Recently Malvandi and Ganji (2014 a,b,c) discussed in detail the effect of Brownian motion and thermophoresis on the nano fluid flow in a microchannel.
The study of flow over a continuous moving surface is a popular area of research due to its enormous application in industrial manufacturing processes. Flows over continuously moving surface are widely discussed by researchers after the pioneering work of Sakiadis (1961) . He first time modelled the boundary layer equations for the flow over a continuous moving surface which has been widely discussed afterwards (Ziabakhsh et al. 2010; Nadeem et al. 2012 Nadeem et al. , 2013 Saleh et al. 2010) . But many physical phenomenons involve the non-linear stretching for e.g. extrusion of plastic sheet, glass manufacturing etc. Cortell (2007) initiated the study of flows over non-linearly stretching surface. He numerically investigated the flow of viscous fluid over a non-linearly stretching surface. Raptis and Perdikis (2006) discussed the flow of viscous fluid over a non-linearly stretching surface in the presence of magnetic field. Abbasbandy and Ghehsareh (2012) presented the solutions for magnetohydrodynamic fluid over a nonlinear stretching sheet with the help of Hankel-Pade method. Some studies of viscous nano fluid over non-linear stretching surface have been reported in literature (Rahman and Eltayeb 2013; Rana and Bhargava 2012; Hady et al. 2012) , but very little attention has been given to the flow of non-Newtonian nano fluid. Therefore the present article discusses the flow of non-Newtonian nano fluid with convective boundary conditions. Convective boundary conditions are generalized as compared to constant surface temperature condition and have application in cooling systems and heat exchangers. Recently, Mansur and Ishak (2013) discussed the blasius flow for a copper water nano fluid with convective boundary conditions. They extended the work of Aziz (2009) , who discussed the laminar flow of viscous fluid with convective boundary conditions. Makinde and Aziz (2011) investigated the boundary layer flow of nano fluid with convective boundary conditions. All of the aforementioned studies consider the viscous fluid with convective boundary condition.
Williamson fluid model describes the flow of shear thinning non-Newtonian fluids. This model was proposed by Williamson (1929) and later on used by several authors (Dapra and Scarpi 2007; Vasudev et al. 2012; Nadeem and Akbar 2010) to investigate fluid flow. We used Optimal Homotopy Analysis Method (OHAM) to solve the governing system of equation for Williamson nano fluid flow. OHAM is the refined version of Homotopy Analysis Method (HAM) Liao (2012) . HAM has been widely used to solve the nonlinear differential equations (Malvandi et al. 2014 a,b; Abbasbandy 2007; Hayat and Qasim 2010; Shehzad et al. 2012) . Recently Liao (2010) has suggested that it is better to use OHAM instead of HAM for better rate of convergence. He discussed different types of OHAM and suggested that it's better to use basic OHAM due to its computational efficiency. In OHAM discrete squared residual errors are optimized against the convergence control parameters. Fan and You (2013) discussed the global and step by step approaches to optimize the convergence control parameters. Nadjafi and Jafari (2011) compared Liao's optimal homotopy analysis method with the Niu's one-step optimal homotopy analysis method. They employed both techniques to obtain solution of linear Volterra integro-differential equations and integro-differential equation and concluded that Liao's optimal HAM has more accuracy to determine the convergence-control parameter than the one-step optimal HAM suggested by Niu and Wang (2010) .
In the present article boundary layer equations for the flow of MHD non-Newtonian Williamson nano fluid with convective boundary condition have been developed. Suitable transformations have been introduced to convert system of partial differential equations to the system of ordinary differential equations. The governing nonlinear coupled system of ordinary differential equations has been solved with the help of OHAM. In order to examine the validity of results they are compared with the numerical results. Effects of important physical parameters have been discussed through graphs and tables. To the best of author's knowledge no study has been reported for Williamson nano fluid over a non-linearly stretching surface with convective boundary condition.
MATHEMATICAL FORMULATION
We consider a steady two dimensional flow of an incompressible MHD Williamson nano fluid over a horizontal heated surface. Where x and y-axis are taken along horizontal and vertical direction respectively. So that nano fluid is confined to y > 0. The plate is stretched along x-axis with the velocity ax n , where a > 0 is stretching parameter and n is the stretching index. It is assumed that the surface is heated due to convection of hot fluid below the surface. A space varying magnetic field B(0, B(x), 0) is applied along the transverse direction of flow see Fig.l . The fluid is assumed to be slightly conducting, so that the magnetic Reynolds number is much less than unity and hence the induced magnetic field is negligible in comparison to the applied magnetic field. The general transport equations for nano fluid are (Boungiorono 2006 
Here, we considered the case for which 0    and 1.
  Thus .(6) Eq
can be written as
or by using binomial expansion we get
The interaction of magnetic field and velocity will give rise to the Lorentz force J ×B defined in Eq.(10), in which J is the current density and  is the electrical conductivity. In the absence of electric field E0 
where ( vertical components of velocity,  is kinematic viscosity and  is nano fluid thermal diffusivity.
The magnetic field is chosen as
The corresponding boundary conditions to the flow problem are
T is the temperature of the hot fluid and h is the convective heat transfer coefficient. Introducing the following transformations in above equations
With the help of above transformations, . (11) Eq is identically satisfied and .(12) Eqs to (14) along with boundary conditions (15) take the following form
The corresponding boundary conditions and the non-dimensional parameter are 0, 1,
, 1 at 0, 0, 0, 0 as .
Sc can be written as Pr.
With the help of . (21 
Since we are interested in the study of heat transfer enhancement, so it is better to introduce the effects of thermal diffusivity in nano particles equation with the help of Le and Pr . Also it will enhance the coupling effects of heat and nano particles equation. Finally, Eqs. (17), (18) and (22) , , 
Due to space constraint the detailed HAM procedure is not discussed here. The detailed HAM procedure can be followed from [32] . We can calculate any order approximation for 1, 2, 3... m  with the help of Mathematica.
Optimal Convergence Control Parameters
It is noteworthy that our solutions ( ), (17), (18) 
The total squared residual error defined by .(30) Eq takes too much CPU time to calculate the error even if the order of approximation is not very high. Thus to increase the computational efficiency we define the discrete squared residual error (as defined by Liao [38] ) at the m th iteration by 
In present paper total discrete squared residual error approach is used to obtain optimal convergence control parameters. In order to obtain the local optimal convergence control parameters, we directly employ the minimize command in computational software Mathematica.
RESULTS AND DISCUSSION
In homotopy analysis method, the convergence control parameters are chosen from the range of values, obtained through h-curves. After plotting the h-curves we randomly choose the values of convergence control parameter from the convergence region. But with the help of Optimal Homotopy, we precisely choose the best possible values of the convergence control parameters.
Optimal Values of Convergence Parameters
In this section the Optimal values of convergence control parameters are shown when 5, Pr 2, 0.5, 2, 2, 0.2, 0.5, 0.8 Table. 1 shows the total discrete squared residual 
For the present study we found that total squared residual error can be reduced significantly if we optimize initial guess by introducing arbitrary parameter. So we will use the optimized value of  instead of choosing 1   . Table. 1 also gives the optimal values of convergence parameters at different order of approximations. These optimal values are used to obtain the discrete squared residual errors at different order of approximation see Table. 2. It is observed that the average squared residual error and total squared residual error decrease as the number of iterations increased. This assures that better solutions are obtained at higher order approximations. We choose, 9 th iteration set of optimal values to plot figures and draw tables in the coming sections. Results will be similar if we choose optimal convergence parameters value from 9 th or any higher order approximation. Fig.2 is drawn to examine the effect of magnetic field on the nano fluid velocity. We observe that velocity profile decrease with increase in M. Eq. (10) involves the cross product of velocity vector and magnetic field vector, it will give rise to Lorentz force which is perpendicular to the velocity vector and magnetic field vector. This force will act as a resistive force to the fluid flow which will ultimately slow down the fluid motion. It is also clear that the momentum boundary layer thickness decreases with the increase in magnetic parameter M. Fig.3 shows that temperature increases due to the increase in M. Nano fluid contains the nano size particles whose motion is affected by the applied magnetic field. These particles act as the energy carrier to the fluid causing the increase in nano fluid temperature. M is zero, when no external magnetic field is applied. We can also see that thermal boundary layer is increasing with the increase in M. for different values of Biot number Bi. We can see that the temperature at wall is varying with Bi because of convective boundary conditions. When Bi approaches to infinity the temperature boundary condition at wall reduces to the case of constant wall temperature. Thus convective boundary conditions are more generalized as compare to the constant wall temperature condition. The graph also depicts that as the Bi approaches to 100,  attain the constant wall temperature condition (0) 1   . Biot number is the ratio of the convection at the surface to the conduction within the surface. Thus large Biot number implies stronger convection at the surface and small Biot number implies stronger conduction within the surface. Temperature graph against Bi also predicts this behavior, the fluid temperature increases with the increase in Bi. Also thermal boundary layer increases with the increase in Bi. Figs.5 and 6 demonstrate the effects of Lewis number Le and diffusivity ratio Nbt, on the temperature profile when other parameters are kept constant. Temperature profile as well as thermal boundary layer thickness decrease with the increase in Le. Le and Nbt cannot be chosen equal to zero because Le appears in the denominator of the Eq. (18) and Nbt appears in the denominator of both Eq. (18) and (22). Physically Le cannot equal to zero since it is ratio of thermal diffusivity to Brownian diffusion. Buongiorno (2006) defined the parameter Nbt to discuss the relative effect of Brownian diffusion to thermophoretic diffusion, we followed the same parameter. It is observed that temperature profile and thermal boundary layer decrease with increase in Nbt. when Brownian diffusivity is very large as compared to thermophoretic diffusivity, temperature profile only shows very small variation. Fig.7 describes the effect of heat capacities ratio Nc on the temperature profile. It is observed that temperature and thermal boundary layer thickness increases with the increase in Nc. If we look at the definition of Nc, it is ratio of heat capacity of nano particles and nano fluid. Usually the specific heat cp of nano particles is less than that of base fluid because typically specific heat of solid is less than that of liquids. So addition of solid particles will decrease the specific heat of base fluid, hence temperature profile decrease. Fig.8 shows that the temperature and thermal boundary layer thickness decreases with the increase in Prandtl number Pr.
Plots and Tables
As we know Pr controls the relative thickness of momentum and thermal boundary layer. Large Pr means smaller thermal boundary layer and larger momentum boundary layer. Figs. 9-13 are drawn to examine the effects of important parameters on the nano particles volumetric fraction. Although some parameters are not directly involved in the nano particles volumetric fraction equation, but there effects are appearing due to the coupling of Eqs. (18) and (22). Eq. (22) is second order equation in both θ and φ. So value of Nbt will play the dominant rule when effects of parameters involved in θ are discussed for φ. Fig.9 shows the variation of nano particles volumetric fraction against Bi. The nano particles volumetric fraction increases with the increase in Bi. Since φ is equal to 1 at wall so its value remains fixed for different values of Bi while θ (0) was varying with Bi values (see Fig.4 ). The concentration boundary layer thickness decreases quickly as Le increase from 0.5 to 1. When the value of Le is less than 1, it implies Brownian diffusions have larger value than the thermal diffusion. Large Brownian diffusion will create larger penetration depth for concentration boundary layer which can be seen from Fig.10 for Le=0.5. Concentration boundary layer increases with the increase in M as seen in Fig. 11 . When the value of M increases it excites fluid particles motion which will diffuses quickly into the neighboring fluid layers due to the enhanced Brownianmotion. Figs.12 and 13 shows that φ decrease with the increase in Nbt and Pr. Since the Brownian and thermophoretic diffusion both cause the dispersion of particles across the boundary layer, thus the concentration profile decrease with the increase in Nbt across the flow field. Its effects on the concentration profile are more prominent as compared to the temperature profile due to the dominance of mass diffusion of nanoparticles. Nadeem and Haq (2014) Table. 5. 
CONCLUDING REMARKS
In present article flow of MHD Williamson nano fluid over a non-linearly stretching surface with convective boundary conditions has been discussed in detail. 
